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Abstract

The scope of this work is to investigate polymer crystallisation involving thickening growth by means of a kinetic Monte Carlo simulation.
The simulation combines the lateral growth mechanism of the Sadler/Gilmer model with Hikosaka’s ‘chain sliding diffusion’ mechanism for
thickening growth. As a result of this coupling of lateral and thickening growth, we obtain wedge-shaped crystals if the sliding friction is not
too high (‘mobile regime’) and lamellar crystals for high friction. In the mobile regime the thickening rate increases with undercooling.
Thickening also increases the lateral growth rate, especially at low undercooling, since it lowers the entropic and enthalpic barriers. As a
result, the activation energy of both processes takes a similar value, in agreement with experiment. For high friction, the thickening rate
increases with temperature up to a maximum close to the melting point, in agreement with the observations of thickening of lamellar polymer
crystals. This simple model hence captures the essence of lateral and thickening growth behaviour in polymer crystallisation.q 2000
Elsevier Science Ltd. All rights reserved.
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1. Introduction

It is well established that a wide range of semicrystalline
polymers form ordered, chain-folded, lamellar crystals with
a thickness of the order of 100 A˚ [1]. The thickness is a
constant at a particular crystallisation temperature, or under-
cooling. In materials which crystallise below thea c relaxa-
tion temperature [2], the chains are essentially locked into
the crystal in the way in which they are first incorporated. In
the case of crystallisation aboveTa c, as is the case in poly-
ethylene, some thickening takes place following the initial
attachment. Nevertheless, the crystal morphology remains
lamellar and the thickness limited by folds and chain-ends.

In stark contrast to this ‘normal’ case is the formation of
extended chain type, disordered crystals arising from crys-
tallisation in so-called mobile phases which allow consider-
able longitudinal movement of the chains. A well-known
example is that of the hexagonal phase of polyethylene,
which under high hydrostatic pressure, gives rise to
wedge-shaped single crystals [3]. This morphology arises
from lateral ‘chain-folded’ type growth being accompanied
by a continuous thickening growth immediately behind the
growth front.

An understanding of thickening growth is of significance

in many ways. It is a mode of growth found in several
important polymers apart from polyethylene at high pres-
sure [3]: e.g. poly(tetrafluoroethylene), poly(trans-1,4-buta-
diene) and vinylidene fluoride/trifluoroethylene copolymers
[4]. In the latter case the growth of extended chain crystals is
related to its piezoelectric properties. In the case of poly-
ethylene thickening growth and the mobile phase have led to
new perspectives on the mode of crystallisation [5], which
have recently been utilised to produce perfectly sintered
ultrahigh molecular weight material free from the usual
grain texture [6].

The aim of this work is to understand more about the
thickening growth process, and the way in which lateral
and thickening growth influence each other. To this end
we have carried out computer simulations based on an
extended Sadler/Gilmer model of polymer crystallisation
[7,8], as first outlined by one of us [9]. Before reporting
on the results of the simulations, the pertinent experimental
and theoretical background information will be
summarised.

2. Background

2.1. Experimental evidence

Here we summarise the main experimental facts against
which our simulations are to be tested:
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(i) In the mobile phase, crystals grow both laterally and in
the thickness direction leading to a wedge shape with an
approximately linear gradient (Fig. 1).
(ii) The lateral growth in the mobile phase is much faster
than in the ordered crystal phase, and can be observed
already for a very small degree of undercooling [3].
(iii) In the mobile phase, the thickening growth rate
increases with undercooling.
(iv) In the mobile phase of polyethylene both lateral and
thickening growth rate measured in asmall range of
undercoolings can be expressed in the form [10]:

R� R0 exp�A=DT� �1�

whereDT � T0
m 2 Tc is the undercooling below the crys-

tallisation temperature, and the front factorR0 is equal to
1000 nm s21 for the lateral growth rate and 100 nm s21

for the thickening rate, and the ‘activation energy’A is
23 K for lateral and 20 K for thickening. It is not yet
known whether such a relationship holds over a larger
range of undercoolings.
(v) The taper anglef decreases with undercooling
following the above, as well as measurements shown
earlier [11] which also indicate that the slope off�DT�
decreases with undercooling.
(vi) The rate of thickening of lamellar crystals in the
ordered phase increases with temperature [3,12].

The issues arising from these observations are why

thickening growth in the mobile phase increases with under-
cooling while it decreases with undercooling for thickening
in the ordered crystal phase, and whether the similarity in
the activation energy is due to a coupling of the lateral and
thickening growth, i.e. is the thickening growth limited by
material coming in laterally, or is the thickening the rate
limiting factor, and why?

3. Theory

The main theoretical study of thickening growth is by
Hikosaka [13,14]. His approach is based on the nucleation
theory for polymers by Frank and Tosi [15]. The crucial
feature of the Frank and Tosi theory in this context is that
it allows the stem length of the nucleus to vary. Hikosaka
proposed that material for thickening growth could become
available via a mechanism of ‘sliding diffusion’ of polymer
chains through the crystal. His model features a correspond-
ing transport term in addition to the usual WLF term.

The activation energy for sliding diffusion,Ee, is given by
Hikosaka as:

Ee � k`n �2�
wherek andn are parameters which represent the frictional
behaviour of the chain sliding within the crystal, and` is the
stem length. As a result of this additional term, the free
energy barrier for nucleation becomes a function of both
the stem length̀ and the number of lateral growth layers
n. In order to allow for a closed solution Hikosaka assumes
the thickness̀ to be a function ofn in the following way

` � Cnj �3�
where C is a constant. The powerj is called the ‘path
parameter’, and describes the type of crystal that is growing.
For low values (closer to 0) ofj the crystal aspect ratio is
similar to that of a lamella, and for higher values (closer
to 1) the growing crystal resembles extended chain crystals.

The analytical treatment by Hikosaka has been fitted
successfully to the behaviour of polyethylene [13,14].
However, it requires a number of assumptions, and does
not allow the actual wedge shape, nor rates to be computed,
nor is it possible to study the interdependence of thickening
and lateral growth in detail, since their dependence is
already to some extent fixed by means of the path parameter.

4. The model

Our model, shown schematically in Fig. 2, represents a
polymer single crystal by a two-dimensional slice cut out of
a crystal perpendicular to the growth front. The crystal
model is made up out of blocks which represent segments
of the polymer chain. Each column of blocks is called a
stem. The stem length̀ is given in terms of the dimension-
less number of blocks. The blocks interact with their nearest
neighbours only, by means of interaction energiese1 ande2
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Fig. 1. Schematic edge-on view of thickening growth crystallisation, show-
ing the thickening growth rateU and the lateral growth rateV.

Fig. 2. Schematic representation of the thickening growth model showing
the transition rate constants for additions and removals of the chain
segments shown as blocks.



along and between stems, respectively. A fold energye f is
assigned to the first unit in a stem.

Growth starts from a seed crystal and proceeds by a
Monte Carlo algorithm deciding about solid-on-solid addi-
tions and removals of blocks. Since it is envisaged that two
processes contribute to the growth, a chain-folded lateral
growth mode and a thickening growth by chain sliding
diffusion, there are two separate Monte Carlo processes
which are executed in each time step.

For the lateral growth, the model is identical to the Monte
Carlo version of the Sadler/Gilmer row model of polymer
crystallisation [9]: in each time step, a block can either be
added onto or in front of the foremost stem, or the last added
block removed. These rules of attachment mimic the chain-
folded crystallisation. The rate constants for the different
events are as follows. For all additions:

l1 � exp 2
e1 1 e2

kT0
m

� �
; �4�

for removal from a niche site:

l2
n � exp 2

e1 1 e2

kTc

� �
; �5�

for removal from an overshoot site:

l2
o � exp 2

e1

kTc

� �
; �6�

and for removal from a fold site:

l2
f � exp 2

e1 1 e2 2 ef

kTc

� �
: �7�

In the above,T0
m denotes the equilibrium melting point of

the material, andTc the (isothermal) crystallisation tempera-
ture.

It was shown in earlier simulations of chain-folded crys-
tallisation that this two-dimensional model of lamellar crys-
tallisation captures the essential features [7,8] and can even
be fitted to experimental data [9].

In the Sadler/Gilmer model any thickening behind the
first growth layer is forbidden in order to account for the
effects of high lattice forces and chain-folds, ends, and
entanglements on the top and bottom surfaces. In the thick-
ening growth mode, however, the addition of blocks to the
‘fold’ surface is permitted. To this end, a second ‘sliding
diffusion’ process is implemented on the top surface in
parallel to the lateral growth process. First, the transport
of polymer by means of chain sliding is modelled by the
Arrhenius term

P� exp 2
Ee

kTc

� �
�8�

with an activation energyEe as given by Eq. (2). We use a
constant value of the activation energy for stem lengths
exceeding a particular cutoff thickness value`cutoff, i.e.

Ee � k`n
cutoff for ` . `cutoff: �9�

The rationale for this restriction is that there are point
defects in the disordered crystal and hence slack in the
chain which limits the length contributing to the sliding
friction.

Once this transport barrier is overcome, crystallisation is
simulated by a kinetic Monte Carlo algorithm with the
following rate constants

t1 � 1 �10�
for all additions, and

t2 � exp 2
�e1 1 e2��T0

m 2 Tc�1 e2�N 2 1�
kTc

 !
�11�

for removal from a site withN lateral neighbours.
In general the thickening process was made to work on all

stems except the first one since the lateral addition process,
i.e. chain-folded crystallisation is active at the growth front.
As in previous work [7–9], the simulations are carried out
on only one surface, with the assumption of symmetry for
the opposite (bottom) surface.

In the following we present results on the shapes gener-
ated, the lateral and thickening growth rates for the cases of
high- and low-mobility, and an analysis in terms of the path
parameter introduced by Hikosaka.

5. Results and discussion

Simulations were carried out using the following values
of the interaction parameters unless otherwise stated:e1 �
e2 � ef � 3kT0

m: Previous simulations [7,9] have shown that
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Fig. 3. Crystal shapes for a range of friction constantsk � n at Tc=T
0
m �

0:91: The crystal outlines are averaged of 100 runs, and their respective
growth fronts have been aligned for comparison.



this value reflects typical flexible polymer crystallisation
behaviour.

The sliding energy parameterk will be given in multiples
of kBT0

m; and the exponentn is a dimensionless number. We
investigated the effects of both parametersk andn ranging
from 0.1 (low friction) to 10 (high friction), mostly for the
casek � n; as done by Hikosaka, but also varying just one
and keeping the other constant. The cutoff thickness`cutoff

was in general set to 10. All the results reported are averages
over between 100 and 1000 runs starting from a seed crystal
of height and length 10 and were grown to a lateral size of
200 stems.

The following results hence explore the typical crystal-
lisation behaviour involving thickening growth, and are not
aimed at quantitative comparisons with certain polymers.

Nevertheless, we can draw qualitative comparisons with
the experimental observations outlined above.

5.1. Crystal shapes and thickness

The two-dimensional crystal slices generated by the
kinetic Monte Carlo simulation can be viewed as edge-on
shapes of crystals. The resultant shape depends strongly on
thek andn values chosen, as can be seen in Fig. 3. Fork
andn values close to 1 the crystal shape resembles that of a
lamellar crystal, whereas values nearer to zero lead to
considerable thickening and hence a wedge-shaped crystal,
in qualitative agreement with the experimental observation
(i).

In addition to the ‘friction’ the shape of the crystal is
affected by the undercooling. Fig. 4 shows a number of
crystals grown at different undercoolings, but all with the
same friction constantsk � n � 0:5: As expected from such
a low value, we see considerable thickening. The taper angle
f (Fig. 5) is largest at small undercooling, and then flattens
off to an approximately constant value. This finding is in
line with the experimental observation (v) above.

In order to analyse the shape of the crystal and the transi-
tion from the lamellar to the extended chain morphology we
have fitted the shape of the crystal according to Hikosaka
path parameter Eq. (3). However, in the presence of lateral
growthj is a measure of the shape of the crystal rather than
of the aspect ratio of a rectangular nucleus. It can be eval-
uated by taking a linear regression of log` versus logn, and
the result for different undercoolings is shown in Fig. 6.
Similar to Hikosaka’s analysis [13,14], we observe a
pronounced transition from the chain-extending type growth
(j close to one) to the lamellar type (j close to zero). The
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Fig. 4. Crystal shapes fork � n � 0:5 and different dimensionless crystal-
lisation temperaturesT � Tc=T

0
m:

Fig. 5. Taper anglef as a function of undercooling fork � n � 0:6:

Fig. 6. Path parameter for different undercoolings. The result from Hiko-
saka [13] is shown for comparison.



transition is slightly shifted and less sharp at higher under-
coolings.

5.2. Growth rates

As noted in Section 2, both the lateral and the thickening
growth rates are expected to follow a relation of the form of
Eq. (1) whereG0 andA are constants at least within certain
ranges of undercooling. Fig. 7 shows that the lateral growth

rates can indeed be represented in this way. We note the
increase in the slope with increasing undercooling, which is
sometimes interpreted as a transition to Regime III [16]. Of
particular interest here is the pronounced effect which the
sliding coefficientsk , n have on the lateral growth rate at
smaller undercooling: if thickening behind the growth front
is made easier, the lateral growth rate increases. The reason
for this increase lies in the lowering of the barriers to lateral
growth which increase strongly with increasing stem length.
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Fig. 7. Lateral growth rates as a function of the reciprocal dimensionless undercooling for different friction constantsk � n:

Fig. 8. Thickening growth rates as a function of dimensionless undercooling and temperature for different friction constantsk � n:



In pure lateral growth, an entropic barrier arises from the
fact that there are many additions which lead to a tapered
edge with a stem thickness below the minimum stable thick-
ness. The growth front can only proceed by remelting of
those stems and a ‘squaring off’ of the crystal [7]. In addi-
tion, there is an energy barrier for ‘overshoot’ blocks, i.e.
ones protruding above the neighbouring stems [17,18]. Both
barriers will be lowered as a result of thickening. A similar
phenomenon was found for growth onto a thicker crystal
surface or substrate [8,17]: the growth rate is increased with
respect to the steady state. However, in the latter case the
increase is only transient: as the thickness decays towards
the steady state, so does the growth rate. In the thickening
growth case however, an increased steady state rate is
obtained. The fact that the thickening has very little effect
at large undercooling is due to the small critical size so that
most attachments can be incorporated into the crystal
regardless of any thickening.

The thickening growth rates are shown in Fig. 8. As
expected, they increase with decreasingk , n values and
increase with undercooling in agreement with observation
(iii) above. In fact, a logarithmic plot of the lateral and
thickening rates versusDT (Fig. 9) shows that the model
can reproduce observation (iv): over a range of undercool-
ings both rates can be fitted by Eq. (1) with a similar expo-
nent A, and lateral growth about ten times larger than
thickening growth.

In order to analyse the coupling of the lateral and thick-
ening rates further, the basic algorithm described above was
modified so that thickening growth would only start five
layers behind the growth front, thereby decoupling the
two processes. Fig. 9 shows that the decoupled lateral
growth rate decreases much more strongly with undercool-
ing. For larger undercoolings, the coupled and uncoupled
rates converge, due to the kinetic driving force. This result
proves that the lateral growth process is, at low undercool-
ing at least, a ‘slave’ to the thickening taking place behind
the growth face.

The point which has not been addressed yet, is number
(vi) of experimental evidence: the thickening in the lamellar
case was found to increase with temperature. All the results
presented so far, even for values ofk , n which yield lamel-
lar morphologies show the opposite behaviour. A simple
analysis of the thickening in the model, however, reveals
the wider picture. The net thickening rate is the result of two
independent processes: transport through sliding; and crys-
tal growth in the thickness direction. Hence, with Eqs. (8–
11), and neglecting the surface interaction term, the average
thickening rate is:

�U � 1 2 exp 2
DHDT

kTcT
0

m

� �� �
exp 2

Ee

kTc

� �
�12�

where DH � e1 1 e2 is the heat of fusion of the model
crystal. Clearly, this function is zero at both 0 K andT0

m

with a maximum in between. If for simplicity we assume
the sliding friction to be constant with thickness�n � 0�; the
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Fig. 9. Comparison of lateral and thickening growth rates fork � n � 0:6:
Also shown is the lateral growth rate if decoupled from thickening.

Fig. 10. Analytical results for the average thickening rate according to Eq.
(12): (a) for smallk � n (taking` � `cutoff � 20 fork � n � 0:1 and 0.3,
and` � 7 for k � n � 0:5); and (b) for largek�k � 10� andn � 0:



maximum can be obtained after differentiation with respect
to temperature:

Tmax� T0
m 1 1

kT0
m

DH
ln

Ee 1 DH
Ee

� �" #
�13�

This equation shows that the maximum temperature
decreases with decreasing sliding friction. It becomes
clear that, in the range of smallk , n the thickening rate
increases with undercooling in the range observed, as
confirmed by Fig. 10a. The increase is linear as would be
expected from the first term of Eq. (12). However, we
emphasise that Eq. (12) is only an approximation, and the
thickening rate observed from the simulation, in which
lateral and thickening growth are coupled, is exponential
(Fig. 8).

If the sliding friction is substantially larger the thermally
activated process dominates and the maximum shifts closer
to the melting point (Fig. 10b). In this case thickening would
be observed to increase with temperature. If we replaced the
Arrhenius term (8) for the sliding by a WLF term with
respect toTa c, as would be more appropriate,Tmax would
shift to an even higher value. Fig. 11 finally demonstrates
that the lamellar thickening of the ordered phase is also
reproduced by our simulations. There are considerable fluc-
tuations since the absolute values of thickening are very
small at such high values of friction.

6. Conclusions

The thickening growth simulations have reproduced
successfully the range of experimentally observed morphol-
ogies (from lamella to wedge shape) and growth behaviour
(from chain-folded to chain-extending crystallisation).

Thickening growth leads to a reduction in the growth
barrier for lateral growth. As a result the lateral growth
rate is increased strongly at small undercooling, and the
lateral and thickening growth rates have an exponential
dependency on undercooling with a similar ‘activation
energy’, in agreement with experiment. The simulations
have shown that thickening rather than lateral growth is
the dominant factor.

Both the thickening growth observed in the mobile phase
as well as that observed in lamellar crystals aboveTac can be
explained within one model which takes both the thermally
activated chain motion and the undercooling driven crystal-
lisation into account. As a result the thickening rate has a
maximum at a temperature which depends on the sliding
friction. If the chain motion is relatively easy, the under-
cooling term dominates and the thickening rate increases
with undercooling for all of the accessible temperature
range, whereas for low mobility the opposite is the case.
The model hence provides a simple but coherent picture
of thickening growth in polymer crystallisation.
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Fig. 11. Thickening rate from simulations with largek�k � 10� andn � 0
showing the decrease with undercooling observed for lamellar thickening.


